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Abstract

In many areas of engineering and science there is an interest in predicting the probability of
rare events, in particular in applications related to safety and security. Increasingly, such
predictions are made through computer models of physical systems in an uncertainty
quantification framework. Additionally, with advances in IT, monitoring and sensor technology,
an increasing amount of data on the performance of the systems is collected. This data can be
used to reduce uncertainty, improve the probability estimates and consequently enhance the
management of rare events and associated risks. Bayesian analysis is the ideal method to
include the data into the probabilistic model. It ensures a consistent probabilistic treatment of
uncertainty, which is central in the prediction of rare events, where extrapolation from the
domain of observation is common. We present a framework for performing Bayesian updating
of rare event probabilities, termed BUS. It is based on a reinterpretation of the classical
rejection-sampling approach to Bayesian analysis, which enables the use of established
methods for estimating probabilities of rare events. By drawing upon these methods, the
framework makes use of their computational efficiency. These methods include the First-Order
Reliability Method (FORM), tailored importance sampling (IS) methods and Subset Simulation
(SuS). In this contribution, we briefly review these methods in the context of the BUS
framework and investigate their applicability to Bayesian analysis of rare events in different
settings. We find that, for some applications, FORM can be highly efficient and is surprisingly
accurate, enabling Bayesian analysis of rare events with just a few model evaluations. In a

general setting, BUS implemented through IS and SusS is more robust and flexible.
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1 Introduction

The probability of rare events is of interest in many physical systems. Examples include the
probability of infrastructure system failures (Duenas-Osorio and Vemuru 2009), the probability
of failure of technical systems in general (Bedford and Cooke 2001), probabilities of extreme
natural hazard events (Cornell 1968), or probabilities of extreme climate developments (Dessali
and Hulme 2004). The optimal management of such adverse rare events is strongly facilitated
by the availability of accurate probability assessments. Purely statistical methods are often not
sufficient for this task, due to the uniqueness of the considered systems and the fact that accurate
estimation of rare event probabilities requires large datasets (Straub 2014). An alternative is the
assessment of rare events through the use of physical models, in combination with probabilistic
models of the relevant model parameters. In physical systems, uncertainty is present in material
and geometrical properties, environmental factors and the models themselves. By modeling
these uncertainties probabilistically and propagating them through the physical models, a
probabilistic description of the model output is obtained.

Methods for computing the probability of rare events based on physical and engineering models
have been developed since the 1970s in the field of structural reliability (Rackwitz and Fiessler
1978, Der Kiureghian and Liu 1986). Methodological developments were motivated by the
demand for rational approaches to dealing with uncertainty in the design of structural systems,
which have high requirements to their safety. For structures and other safety-critical technical
systems, requirements to the probability of failure are in the order of 10~* — 10~ during the
lifetime of the system, or as low as 1028 during one hour of operation (Paté-Cornell 1994). The
computation of such small probabilities through the use of probabilistic physical models
corresponds to an extrapolation, and the resulting probabilities must be interpreted carefully, a
fact that is well appreciated by experts in structural reliability (Melchers 1999).

To improve the estimates of rare event probabilities, data obtained on the actual system, e.g.,
through monitoring systems or measurement campaigns, can provide useful information on the
potential rare event. As an example, in geotechnical engineering, the observational method is
commonly used to limit the risk of catastrophic failures (Peck 1969). To systematically and
quantitatively include such data into rare event probabilities, Bayesian analysis provides an
optimal framework. Often, data is available on the input parameters to the model of the system.
In these cases, Bayesian analysis can be used to learn (update) their probability distributions
(Gelman 2004). This corresponds to a classical statistical analysis, and we will not further go
into this. We focus on systems where data is available on the system response. In these cases,

Bayesian analysis is commonly used as a technique to solve the inverse problem of determining
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probabilistically the input parameters given output data. It is e.g. applied to the solution of
inverse problems in subsurface flow (Elsheikh et al. 2014), structural identification (Beck and
Katafygiotis 1998) or hydrology (Kavetski et al. 2006), to name just a few examples.

When the interest is in the probability of rare events conditional on the data, it is possible to
first perform a Bayesian analysis to learn the probability distribution of the input parameters,
and then apply these updated distributions to the prediction of the rare events. Such an approach
has e.g. been pursued in (Papadimitriou et al. 2001, Jensen et al. 2013, Sundar and Manohar
2013, Hadjidoukas et al. 2015). The resulting conditional probability is often termed the
posterior robust failure probability in the literature. (The word robust is avoided in this paper,
as it implies explicit modeling of the model uncertainties through multiple model classes
(Papadimitriou et al. 2001), which is not considered here.) The difficulty in estimating the
posterior failure probability lies in the fact that the rare event probability cannot be efficiently
estimated using a crude Monte Carlo simulation approach. Therefore, the method for Bayesian
inverse analysis must be combined with a separate efficient method for evaluating rare event
probabilities. Most of these methods require explicit knowledge of the joint (posterior)
probability distribution of the random variables, which must thus be approximated from the
posterior samples. This approximation can cause significant errors.

In contrast to these approaches, we develop a framework that enables the computation of the
posterior distribution and the conditional probability of the rare event with a single method.
This has the advantage that it is not required to employ an approximate posterior distribution
as an input to a posterior rare event probability estimation. This is achieved by combining the
simple but ineffective rejection sampling approach to Bayesian analysis with structural
reliability methods (SRM). For this reason it is termed BUS (Bayesian Updating with SRM).
Besides its simplicity, the framework can potentially lead to computational benefits over
existing approaches, since it enables the use of all existing SRM for this task. In (Straub and
Papaioannou 2015), we proposed BUS for learning the posterior distribution of the input
variables. Here, we show that it is ideally suited for Bayesian analysis of rare events and present
its implementation.

The paper starts out with an introduction to the estimation of rare event probabilities through
classical SRM, in particular the first-order reliability method (FORM). This is followed by a
short review of possible approaches to computing the updated rare event probability. We then
introduce the BUS methodology for rare events and its implementation with three SRM: FORM,
line sampling and subset simulation. Finally, the methodology is illustrated and investigated

through four numerical examples.
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2 Methodology

2.1 Computing probabilities of rare events: Structural reliability methods

For efficiently estimating the probability of rare events, a class of methods called Structural
Reliability Methods (SRM) has been developed since the 1970s (e.g., Rackwitz and Fiessler
1978, Der Kiureghian and Liu 1986). The following briefly introduces the basic concepts of
SRM; comprehensive introductions can be found in (Ditlevsen and Madsen 1996, Melchers
1999).

In SRM, the rare event of interest, typically the failure event F, is described in terms of a so-
called limit state function g(X), where X = [X;; X5; ...; X,,] is the vector of the n input random

variables of the problem. By definition, the event F corresponds to
F={gX) <0} )

It is helpful to interpret the SRM geometrically: Q corresponds to the domain in the outcome
space of X for which g(x) < 0. The probability of the event F is the probability of X taking a
value within Q. It can be computed by integrating the joint probability density function of X,

denoted by fx(x), over Qp:

Pr(F) = f fx(x)dx;dx; ... dx, (2)
gx)<0

The problem is illustrated in Figure 1la. For the case of two random variables, as in Figure 1a,
numerical integration is straightforward, e.g. using adaptive quadrature rules that resolve the
boundary of Q. However, most classical methods for numerical integration have computation
times that increase exponentially with the number of dimensions, and are therefore not suitable
for solving Eq. (2) for realistic applications with larger values of n.

All SRM aim at solving Eqg. (2), and each method has its specific advantages and disadvantages.
Most SRM involve a transformation of the problem from the original space of the random
variables X to the space of independent standard normal random variables U by a suitable
transformation U = T(X). If the X are (a-priori) mutually independent, the transformation is
simply

U= 7Y Fy,(X)]i=1,..,n (3)
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where Fy, is the marginal cumulative distribution function (CDF) of X; and ®~1 is the inverse
standard normal CDF. If the joint distribution of X is of the Gaussian copula class, the Nataf
transformation can be applied (Der Kiureghian and Liu 1986); if the joint distribution of X is of
any arbitrary form, the Rosenblatt transformation can be used (Rosenblatt 1952, Hohenbichler
and Rackwitz 1981). The reader is referred to (Ditlevsen and Madsen 1996) and (Melchers
1999) for details.

Probabilistic transformation techniques require the joint distribution of X to be known explicitly.
That is, any arbitrary distribution can be transformed to standard normal space, provided that
the distribution is known. For cases where the distribution of X is not known in explicit form
and thus such a transformation is not possible, there exist SRM that can be applied directly in
the original random variable space. Hence, the probabilistic transformation step is not a strict
requirement for further developments. However, in most practical situations the distribution of
X is known and the probabilistic transformation is straightforward. Moreover, the performance
of most SRM can benefit from an implementation in the U-space.

Let G denote the transformed limit state function in standard normal space:
G(U) = g(T~'(U)) (4)

where T~1(U) = X is the inverse transformation from standard normal space to the original
outcome space of the random variables. The transformation T is probability conserving,
therefore Pr(F) = Pr(g(X) < 0) = Pr(G(U) < 0). Inanalogy to Eq. (2), the probability of the
failure event F is now computed by

Pr(F) = f e(u)du,du, ...du,, (5)
G(u)<0

where ¢ is the multivariate independent standard normal probability density function (PDF).
The transformation of the limit state surface g(x) = 0 to the corresponding surface in standard
normal space G (u) = 0 is illustrated in Figure 1.

2.1.1 Structural reliability methods based on the most likely failure point

The most well-known SRM is the First-Order Reliability Method (FORM), which approximates
the limit state function G(U) by a first-order Taylor expansion at the expansion point u*,
denoted by G'(U). To limit the approximation error, u* is selected as the point in the failure

Rare event BUS 5/37



domain with the highest probability density, the so-called most likely failure point or design
point®. Because the standard multivariate normal PDF ¢ is rotation-symmetric around the
origin, the design point u” is equal to the point on the failure surface G(U) = 0 that is the
closest to the origin. The identification of the expansion point therefore corresponds to a
constrained (geometrical) minimization problem:

u* = arg min||ul|

. (6)
subject to G (u) = 0,

where |[u]| = VuTu is the distance of u from the origin.

With this approximation, the limit state surface is approximated by its tangent at the design
point, see Figure 1b. In FORM, the integration over the domain {G(u) < 0} is thus replaced by
the integration over a half space defined by the tangent {G'(u) = 0}. Every marginal
distribution of the multivariate independent standard normal distribution is a standard normal
distribution. Therefore, the marginal probability distribution of U in the direction perpendicular
to the linearized limit state surface is also a standard normal distribution, as illustrated in Figure
1. The FORM approximation of the probability of failure is fully defined by the distance
Brorm = |lu*|| between the origin and the design point as

Pr(F) = Pr(G'(U) < 0) = ®(—Brorm) (7

where @ is the standard normal cumulative distribution function (CDF). Brorm IS known as the
FORM reliability index?.

The computational bottleneck of FORM is the identification of the design point u*, i.e. the
solution of the optimization problem of Eq. (6). Tailored algorithms exist for this purpose (Liu
and Der Kiureghian 1991). Since these are gradient-based methods, the computational cost of
the optimization increases with increasing number of dimensions n. Specialized response
surface methods have been developed to limit the number of calls of the function g(X), e.g.

! The term design point originates from the fact that x* = T~1(u*) are the parameter values that are ideally used

in a deterministic design calculation, in order to capture the likely failure configuration, see (Melchers 1999).

2 |f the limit state function is negative at the origin 0, then Bgorm = —|lu*|| and the FORM estimate is larger than

0.5. In such cases, however, FORM should not be applied.
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(Bucher and Bourgund 1990, Sudret 2012), but their performance also deteriorates with

increasing dimensions.

T

(a) original variable space (b) standard normal space

Pr(F) = O(—Prom)

x10"

2} AW

Figure 1. Design point and linear approximation of the limit state surface. Left side: original random
variable space; right side: standard normal space. The marginal distribution of U in the direction of
the design point u* is the standard normal distribution. Hence the FORM approximation of the failure
probability is given by Eq. (7). [Details of this example are provided in (Straub 2014).]

Once the design point is identified, FORM is surprisingly accurate for a wide range of problems
(Rackwitz 2001). However, the approximation error is difficult to estimate, and it is often
beneficial to check and improve the accuracy of FORM by a second-order approximation
around the design point (Breitung 1984). As a general rule, the accuracy of FORM decreases
with increasing dimensions n, but many high-dimensional problems can be handled by suitable
dimensionality-reduction techniques, see e.g. (Allaix and Carbone 2015) for the coupling of
FORM with a Karhunen—Loeve expansion. Additionally, specific techniques for importance
sampling around the design point have been developed, some of which also work in high
dimensions. One of these techniques, line sampling, is introduced later.

2.1.2 Sampling-based structural reliability methods

A large number of sampling-based SRM exist for estimating the probability of rare events.
These include a variety of importance sampling (IS) techniques that aim at a reduction of the
variance of standard Monte Carlo probability estimates. The efficiency of IS highly depends on

the choice of the sampling density. Common choices are unimodal IS densities centered in the
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design point obtained from a preliminary FORM analysis (Schuéller and Stix 1987).
Alternatively, adaptive IS techniques that do not require knowledge of the design point are
popular (Bucher 1988, Engelund and Rackwitz 1993, Au and Beck 1999). In this category,
cross-entropy-based IS schemes have recently been proposed for rare event estimation (Botev
et al. 2007, Li et al. 2011, Kurtz and Song 2013), as well as sequential IS (Papaioannou et al.
2014). To enhance the efficiency of IS methods, importance sampling schemes have been
combined with response surface approaches (surrogate models) (Bucher and Bourgund 1990,
Paffrath and Wever 2007, Li and Xiu 2010, Li et al. 2011).

An importance sampling approach that enables efficient estimation of the probability of rare
events is the line sampling method (Hohenbichler and Rackwitz 1988, Rackwitz 2001,
Koutsourelakis et al. 2004). Line sampling generates samples on a hyperplane orthogonal to an
important direction pointing to the limit state surface. The direction can be chosen as the one
pointing to the design point or based on the results from an initial Monte Carlo simulation. The
method is shown to be efficient in problems with a large number of random variables n
(Pradlwarter et al. 2007). Line sampling will be utilized later in this paper and is described in
Section 3.2.

In recent years, Subset Simulation (SuS) proposed in (Au and Beck 2001) has become a popular
SRM. It belongs to the family of sequential Monte Carlo methods (Del Moral et al. 2006, Cérou
et al. 2012). In contrast to standard IS with unimodal or multimodal IS densities, the
performance of SuS is not directly dependent on the number of input random variables n
(Schuéller et al. 2004, Katafygiotis and Zuev 2007). SuS has also been combined with surrogate
models (e.g., Bourinet et al. 2011). A short summary of SuS is provided in Section 3.3.

2.2 Bayesian analysis of rare events

In many instances, data d is available, which provides information directly or indirectly on the
random variables X in the limit state function. In a Bayesian setting, the data is used to update
the prior probability distribution fx to a posterior distribution fx|q:

fxia(X) o< L(x) fx(X) (8)

L(x) = fpx(d|x) is the likelihood function describing the data. Note that the data may not
provide information on all random variables in X. For example, one can distinguish between
uncertain model parameters, which can be learned, and uncertain future forcing variables,
which cannot be learned. In the following, we do not make this distinction, and note that the
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likelihood function is simply constant with respect to all random variables in X on which the
data contains no information.

Conversely, in some cases the likelihood can only be explicitly formulated as a function of
additional input random variables that do not affect the limit state function g. This is e.g. the
case in dynamic systems, in which the data are measurements of system responses that are a
function of possibly uncertain forcing variables. In such situations, the vector X is augmented
by these random variables. In principle it is possible to separate these variables within the
framework (e.g. following (Beck 2010)), and this may have implications on the computational
efficiency (Hadjidoukas et al. 2015). However, for ease of presentation we here choose to not
make this distinction and include in X all random variables that are arguments of the likelihood
function.

The probability of the rare event conditional on the data, i.e. the posterior failure probability, is
obtained by inserting the posterior fxq(X) into Eq. (2):

Pr(F|d) = f fxja(X) dx;dx; ... dx, 9)
gx)=<0

In the general case, only an approximation of the posterior PDF fx,q or CDF Fx|4 is available,
typically through samples of fx,q. Most SRM have difficulties in working with such an
approximation, which might limit the efficiency in determining Pr(F|d). One exception is Sus,
which is employed in (Jensen et al. 2013, Hadjidoukas et al. 2015) for evaluating Eq. (9) starting
from samples of the posterior. However, it is often efficient to apply SuS in standard normal
space, as discussed in (Papaioannou et al. 2015), which requires explicit knowledge of fxq.

For these reasons, there is a benefit in developing a framework that does not required solving
Eq. (9) based on samples of the posterior, but enables a computation of the posterior failure
probability Pr(F|d) directly within the framework of SRM. Already in the 1980s, such a
concept was proposed, which has similarities with the ABC method, as reviewed in the next
section. A novel framework, which does not require the approximation made by ABC, is then
presented in Section 2.4.

2.3 ABC and early methods for updating structural reliability

In recent years, Approximate Bayesian Computation (ABC) has become a popular approach for
performing Bayesian analysis. It circumvents the explicit formulation of a likelihood function
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and can handle potentially large numbers of uncertain parameters and data. Consider
measurements d that correspond to model outputs q(X). With additive measurement errors e,
the likelihood function is L(x) = f.[d — q(x)], but alternatively these measurements can be
described by the equality d = q(x) + €. ABC is a sampling-based method that can be
summarized as follows®: Applying a simple acceptance/rejection algorithm, hypothetical data
d(x) are generated based on sampling of X and € from their respective prior distribution. A
performance metric p is formulated, which gives a measure of the “distance” from d(x) to the
actually observed data d. Samples of X are then accepted if their p is within a certain tolerance
limit z:

p(dx),d) <t (10)

For details on the performance measures and for more efficient versions of the sampling
algorithms, the reader is referred to the extensive ABC literature, e.g. (Beaumont et al. 2009,
Csilléry et al. 2010, Fearnhead and Prangle 2012, Marin et al. 2012)

In the structural reliability community, a related approach had been proposed for Bayesian
updating of the probability of failure already in the 1980s (Madsen et al. 1985, Madsen 1987,
Schall et al. 1989). By including measurement errors explicitly as random variables €, the data
was described through functions h; in analogy to the limit state function g. For a data point d,
the function would be h(x) = d(x) — d, and it is required that h(x) = 0. This corresponds to
setting a tolerance T = 0 in Eq. (10). In the structural reliability context, Z = {h(X) = 0} is
defined as an observation event, and Pr(F|Z) = Pr(F|d) is estimated by first- or second-order

approximations of surface integrals (Schall et al. 1989).

These methods did not gain much attention, because the error associated with the first-order
approximation increases with increasing amount of data, and the concept is incompatible with
sampling-based SRM due to the inability of sampling methods to produce estimates of surface
integrals (Sindel and Rackwitz 1998). However, by observing the strong analogy to ABC, the
approach can be reformulated in a way that facilitates the use of sampling-based SRM. Both
approaches circumvent the likelihood function by explicitly introducing measurement errors €
as random variables in the formulation. In the outcome space of the random variables X and €,

3 The notation here differs from the standard notation used in the ABC literature, to be consistent with the
remainder of this paper. In the ABC literature, e commonly denotes the tolerance instead of 7 used here, 6 denotes

the random variables instead of X.
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the observations then correspond to a lower-dimensional surface. Casting the ABC approach in
the structural reliability framework, the performance function can be defined as |h(x, €)| and
the approximate observation domain written as:

z ={|h(X,e)| =7} (11)

The probability of this approximate observation event is a domain integral, and hence sampling
methods are applicable. (Chiachio et al. 2014) have proposed such an approach for learning
model parameters through ABC with SuS.

2.4 Bayesian analysis in a structural reliability framework: the BUS

approach

In (Straub and Papaioannou 2015), based on earlier work published in (Straub 2011), we
propose a methodological framework termed BUS, which stands for Bayesian Updating with
Structural reliability methods. BUS can be interpreted as an extension of the classical rejection
sampling approach to Bayesian analysis. In this approach, samples x, are randomly generated
from the prior distribution of X. The samples are then accepted with probability p = cL(xy).
The constant ¢ can be any positive real number that fulfills ¢ < 1/supL(x). It is
straightforward to show that the accepted samples follow the posterior distribution fx,;(x) o
fx(X)L(x), e.g. (Smith and Gelfand 1992). The principle of the rejection sampling approach is
illustrated in Figure 2a.

The problem with the simple rejection sampling algorithm is its inefficiency. The acceptance
probability of samples is equal to fDx cL(x) fx(x)dx, with Dy denoting the domain of definition
of X. This probability quickly decreases as the difference between the prior distribution and the
likelihood increases, which occurs with increasing amount of data. This is particularly critical
if weakly or non-informative priors are used. The central idea of BUS is to deal with this small
acceptance probability by employing structural reliability methods that allow to efficiently

compute rare event probabilities.
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Figure 2. lllustration of the simple rejection sampling algorithm for the case of updating a random
variable X, whose prior distribution is the standard normal fy(x) < exp(—x2/2) and whose
likelihood is the normal distribution centered around a measured value 2 with standard deviation

Om = 0.5: L(x) = exp[—1/2 x (x — 2)%/0.52 ]. (a) Samples of fy(x)f»(p): all samples in the green
domain are accepted and follow the posterior distribution; (b) samples from the standard normal
distribution, with the acceptance domain according to Eq. (18); (c) empirical CDF corresponding to
the accepted samples in (a) and (b), together with the exact posterior CDF.

The rejection sampling principle can be cast in the structural reliability framework by
considering the augmented random vector [P; X], where P is the standard uniform random
variable that determines whether a sample is accepted or rejected. In rejection sampling, the
posterior distribution of X is obtained by censoring the joint distribution of P and X to the
domain {p < cL(x)} and marginalizing X:

1

fra () f 1,(p,%) fx®) dp. (12)
0

1, is the indicator function, which takes value one if {p < cL(x)} and zero otherwise. The
proportionality constant in Eq. (12) is fDX fol 1,(p,X) fx(X) dp dx;dx; ... dx,,.

We define the observation event as

Z ={P < cL(X)}. (13)

Eq. (12) states that the conditional PDF of X given the data d is obtained by conditioning the
prior distribution on the observation event Z. In contrast to the observation event Z defined
according to Eq. (11) (the ABC criterion) this new definition of the observation domain is not
an approximation, i.e. it describes the data exactly in a Bayesian framework. Because of this
equivalence of Z with the data, it follows that conditioning the probability of F on the data is
equivalent to conditioning it on Z:
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Pr(F|d) = Pr(F|Z). (14)

In the remainder, we will write Pr(F|Z) for the conditional probability of the rare event given
the data. It can be obtained by combining Eq. (2) with Eq. (12):

Pr(F|Z) = f fxja(X)dx1dx; ... dx,
g(x)<0
1
fg(x)so fo 1Z(p: X)fx(x) dp dxldxz dxn

fnx fol 1,(p,x) fx(x) dp dx;dx, ...dx,

(15)

To comply with structural reliability conventions, we define the observation domain {p <
cL(x)} through a limit state function h, such that the domain corresponds to {h(p,x) < 0}:

h(p,x) = p — cL(X). (16)

Eqg. (15) can now be rewritten to

fg(x)sonh(p'x)so fx(x)dp dx;dx, ...dx,

Pr(F|Z) =
fh(p,x)sO fx(x)dp dx;dx, ...dx, 17
Pr[g(X) < 0nh(P,X) < 0]
a Pr[h(P,X) < 0]

For applying SRM, it is convenient to transform the problem to standard normal space. The
corresponding function H is

H(u) = 1y — 1 <CL (17w, un))) (18)

with &1 being the inverse standard normal CDF. U, is the standard normal random variable
corresponding to P. The observation domain {H (u) < 0} corresponding to the simple example
of Figure 2a is shown in Figure 2b, together with the transformed samples.

The probability of the rare event F conditional on the data can now be expressed in terms of the
standard normal U:

Pr[G(U) < 0N H(U) < 0]
Pr[H(U) < 0]

Pr(F|Z) = (19)
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In section 3, we present three SRM for computing the numerator and the denominator of Eq.
(19).

2.4.1 Constant ¢

BUS requires the choice of the constant c. The probabilities in the numerator and denominator
of Egs. (17) and (19) increase linearly with c. If the efficiency of the SRM used for computing
these probabilities decreases with decreasing probabilities, then the value of ¢ should be chosen
as large as possible, i.e. as close as possible to [sup L(x)]™1. In many applications, this value
is not known a-priori. In (Straub and Papaioannou 2015) it is proposed to choose a value of ¢
that is < [sup L(x)]~! with some probability, which can be achieved by analyzing the
likelihood function. In (Betz et al. 2014a) and (Au et al. 2015), it is shown how the constant ¢
can be selected adaptively when applying SuS.

When combined with FORM and FORM-based methods, the performance of the BUS approach
can depend on c, but a larger c is not necessarily beneficial in this case. In fact, as we
demonstrate in the numerical examples, a smaller value of ¢ can increase the accuracy of line

sampling based on FORM.

3 Implementation of BUS for rare events

The application of BUS for updating the probability of a rare event F requires the solution of
Egs. (17) or (19). SRM are applied to efficiently evaluate the numerator and the denominator
in these equations. We present the application of three of these methods, FORM, line sampling
and SuS, each of which has its specific advantages and disadvantages.

3.1 BUS with FORM

As pointed out earlier, FORM is a powerful method for estimating the probability of rare events
in problems with limited number of (relevant) random variables. From all SRM, it is often the
one requiring the smallest number of model evaluations. If FORM is used to perform Bayesian
updating with BUS following Eg. (19), one has to consider that the shape of the observation
domain {H(u) < 0} is different from the shapes of the failure domains usually encountered.
Consider the observation domain of Figure 2. In Figure 4, the FORM approximation to this

domain is illustrated.
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Figure 3. FORM approximation of the observation domain of the example from Figure 2. The dashed

line is the linearized surface {H(u) = 0}. The green dots are the samples from Figure 2 that would be
correctly accepted according to the FORM approximation, the red dots are the samples that would be
wrongly accepted.

The FORM estimate of the denominator in Eq. (19), Pr[H(U) < 0], is obtained according to
Egs. (6) and (7), wherein G (U) is replaced with H(U).

The application of FORM in BUS requires the solution of system reliability problems, which
are characterized by multiple limit state functions. The numerator in Eq. (19), Pr[G(U) < 0N
H(U) < 0], is an intersection, and the corresponding FORM solution is based on linearizing
both functions G (u) and H (u) at the so-called joint design point u*, identified as follows:

u* = arg min||ul|
(20)
st.G(u) <0,H(u) =0

In classical applications of FORM, the second constraint is H(u) < 0. Because it can occur that
the function H is negative at the origin 0, i.e. H(0) < 0, the equality constraint is used instead
to ensure that the joint design point is on the boundary of the domain {H(u) < 0}.

For details on the classical FORM solution to system problems, the reader is referred to (Der
Kiureghian 2005). The linear approximations of the two limit state functions are described by
their normalized gradient row vectors ag and aj;, calculated at the joint design point as:

(X* — _w (21)
¢ = T IVe@Ol

(X* —_ _m 22
1= TIVH@OI (22)
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The FORM estimate to the probability Pr[G(U) < 0 n H(U) < 0] is obtained by computing
the distance of the linearized surfaces G(U) = 0 and H(U) = 0 from the origin:

Bi = qju” (23)
and by determining the correlation coefficient between G (U) and H (U):

Py = gty (24)

The FORM estimate is
PG <00 HW) < 0] = o ([ 1] L) e ) (25)
or
PG(U) < 0N H(U) < 0] ~ @, (- ].[pGH en) (26)

wherein ®,(B;R) is the bivariate standard normal CDF with argument B and correlation
coefficient matrix R. The FORM approximation is illustrated in Figure 4. Equation (25)
corresponds to the case where the observation domain is oriented towards the origin, i.e. when
;—aH(aZ(ﬁi* + a)) evaluated at a = 0 is positive (Figure 4a). Equation (26) holds if the
observation domain is oriented away from the origin, i.e. when %H(a’{ (B + a)) evaluated at
a = 0 is negative (Figure 4b)*.

In some cases, such as the one depicted in Figure 4b, the accuracy of the FORM estimate could
potentially be enhanced by considering additional linearization points (see Figure 4c). However,
this approach is not recommended in general. In a lower-dimensional setting, the probability
contribution of the domain that is mistakenly included is often small, as in the example of Figure
3. In a higher-dimensional setting, the identification of the potentially large number of
linearization points is difficult, if not impossible, to achieve. For this reason, in higher
dimensions, FORM is not expected to provide accurate estimates for the numerator or the

denominator of Eq. (19). However, there are cases in which the errors made in the numerator

4 Note that Eq. (26) is the standard result found in references on FORM system reliability. The result of Eq. (25)

is specific to the application of FORM in BUS.
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and the denominator are approximately proportional, and FORM can provide good estimates
even in high dimensions.

(a) (b) (c)

u u u
0 \\ G(u)<0 0 0 G(u)<0
\
\!
N \
\
\ JDP JDP linearization
JDP point 2
H(I.I)<0 \\
i \
O“ZB: A\ a: :,, H(u)<0‘\
K BN / TN\,

1

Figure 4. FORM system reliability solution. The blue area is the linearized version of the domain {F n
Z}. Case (a): The FORM solution according to Eq. (25) applies. Case (b): The FORM solution
according to Eq. (26) applies. (c): as in (b), but with a second linearization point.

When the FORM results are not expected to be accurate, the joint design point following Eqg.
(20) can nevertheless be used as a basis for dedicated importance sampling methods that can
work also in higher dimensions, such as line sampling.

3.2 BUS with Line Sampling

Line sampling (also called axis parallel importance sampling) is an importance sampling
technique that is commonly used in structural reliability. The method generates samples at a
hyperplane in the standard normal space that is orthogonal to a unit vector a. The vector a
represents an important direction, which is chosen such that it points towards the limit state
surface. Line sampling was introduced in (Hohenbichler and Rackwitz 1988) for obtaining a
correction factor to FORM estimates of the probability of failure. Therein, the vector a was
taken equal to the unit vector pointing to the design point, i.e. a = —u*/||u*||. The method was
further developed in (Koutsourelakis et al. 2004), replacing the initial FORM run with a coarse
Monte Carlo simulation to determine a sampling direction that points to the limit state surface.

In the context of BUS, the method is applied to estimate the probability integrals in Eq. (17) in
the (n + 1)-dimensional standard normal space U. The integration domain in the numerator in
Eq. (17) is an intersection of the failure and observation domains. In this case, if a FORM run
precedes line sampling, the important direction can be evaluated based on the joint design point
defined in Eq. (18). Having determined the important direction a, the sampling space is rotated
and reduced by one dimension through the following transformation:
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V=RU 27)

wherein V = [V,; V,,], V, is the coordinate parallel to the vector a, V,, contains the reduced
space that rests on the hyperplane orthogonal to a, and R is a suitable rotation matrix whose
(n + 1)th row is the vector a. Because of the rotational symmetry of the standard normal
distribution, the vector V|, follows the n-variate independent standard normal PDF on the
hyperplane v, = 0. The method proceeds by generating N independent samples {vy;, k =
1, ..., N} of V. For each sample v, a line search is performed to determine the distance d(vyy)
from the limit state surface in a direction orthogonal to the hyperplane v,, = 0, as illustrated in
Figure 5. In cases where the direction intersects two or more boundaries of the integration
domain, the distances from each intersection point to the hyperplane need to be computed. The
contribution of each sample to the probability integral is set equal to the probability that the
standard normal random variable defined on the coordinate v, at vy, lies in the integration
domain. If the sample intersects the limit state surface only once, then the probability of the
sample is evaluated as

Pr = P(—d(vor)) (28)

where @ is the standard normal CDF. For cases where the sample intersects the limit state
surface at two points defining the boundaries of the integration domain on the coordinate v,, at
Vo, the probability of the sample is obtained as

Pk = CD(_dl(VOk)) — ®(—dy(vor)) (29)

where d;(vy,) is the distance to the lower boundary and d, (vy,) is the distance to upper
boundary. The probability integral is then estimated as

1 N
PLs = NZ Pk (30)
k=1
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Figure 5. lllustration of the line sampling method.

3.3 BUS with Subset Simulation

Subset simulation, originally developed in (Au and Beck 2001), is an adaptive simulation
method that is particularly efficient in estimating rare events in problems with many random
variables. The method is based on expressing the probability of a rare event F as a product of
larger conditional probabilities, which are estimated with Markov Chain Monte Carlo (MCMC)
sampling (Papaioannou et al. 2015). The conditional probabilities are defined in terms of a set
of nested intermediate failure events F, o F; o --- D Fy, = F, where F, denotes the certain

event. The probability Pr(F) can be expressed as:

M M
Pr(F) = pr<ﬂ Fi> = HPr(Fi|Fi_1) 31)

=1

The event F is defined in the standard normal space as F = {G(u) < 0}. The intermediate
events are defined as F; = {G(u) < b;}, where b; > b, > --- > by, = 0. The values of b; are
chosen adaptively such that the estimates of the conditional probabilities correspond to a chosen
value p,, where typically p, is chosen as 0.1. This is achieved by simulating N samples of U
conditional on each intermediate failure event F;_,. For each sample, the limit-state function
G (u) is evaluated and the samples are ordered in increasing order of magnitude of the limit-

state function values. The threshold b; is set to the p,-percentile of the ordered samples. The
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procedure is repeated until the maximum level M is reached, for which by, = 0. To estimate b,
unconditional samples of U are obtained by Monte Carlo sampling. Samples of U conditional
on the events F;,i =1,...,M — 1, are generated by MCMC sampling, using as seeds the
samples conditional on F;_; for which G (u) < b;. The sampling procedure conditional on the
first intermediate failure domain is illustrated in Figure 6. The probability of the rare event is

then estimated as:

Dsus = Do "Pu (32)

where p,, is the estimate of Pr(Fy,|Fy—1) and is given by
N
1 M-1
pu =5 ) 1p(ulf ) (39
k=1

15 is the indicator function of the event F and {u}~',k =1,..,N} are samples of U

conditional on Fp;_;.

BUS requires estimation of the probabilities in the numerator and denominator of Eq. (17). The
probability of the observation Pr(Z) with Z = {H(u) < 0} can be estimated with SuS
following the same procedure with intermediate events Z, > Z; o -+ D Z,, defined in terms of
the observation limit state function H (u). Alternatively, Pr(Z) can be estimated following the
approach proposed in (Betz et al. 2014a) that is based on SuS and additionally estimates the
constant ¢ adaptively. To estimate the probability of the intersection of the observation and
failure events Pr(F n Z) we define the joint event F N Z in terms of the equivalent limit state
function G (u) = max(G (u), H(u)), where it holds F nZ = {G(U) < 0}. Therefore SuS can
be applied the same way as for evaluation of the probability of the individual events F or Z,
whereby the intermediate events are defined in terms of the limit state function G (u).

It is noted that the updated probability Pr(F|Z) can also be estimated directly following
estimation of Pr(Z) with a new SuS run. This is the procedure we apply in the applications
presented later. To this end, we define a set of intermediate events Fy D F;" D --- D Fy; with
F'=F,nZand F; = F, N Z = Z. The conditional probability can be expressed as

M
Fg> = 1_[ Pr(F;|Fy.) (34)

1=

_Pr(FnZ) Pr(NML,F) ~ \
Pr(F|Z) = ) P Pr(i[] F;
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Samples conditional on F; = Z are available from the final step in the estimation of Pr(Z). The
intermediate events F;,i = 1,...,M — 1 are defined the same way as in standard SuS, and
samples conditional on F;",i = 1, ..., M — 1 are obtained by MCMC.

{a) Monte Carlo sampling; identification of intermediate  (b) Markov chain Monte Carlo sampling at intermediate
failure domain failure domain

Figure 6. lllustration of the subset simulation method.

4 Applications

4.1 Illustrative example in low dimension

For illustrational purposes, we consider the basic reliability problem: Failure occurs, when the
load S exceeds the capacity R: F = {R < S}. The corresponding limit state function defining
failureas F = {g(X) < 0} is

gX)=R-S. (35)

The load S is Gumbel (extreme value type 1 maxima) distributed with mean 2 and standard
deviation 1; the capacity R is lognormal distributed with mean 12 and standard deviation 2.
Both random variables are independent, hence only the marginal transformations u; =
<I>‘1[in(xi)] are necessary for transforming the reliability problem to the standard normal
space (U-space) following Eq. (4).

We consider measurements ;,, of R that are subject to an additive measurement error. Such
measurements can correspond to a quality check of the material after manufacturing. With an
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unbiased normal distributed additive measurement error €, the likelihood function describing
the measurement 1y, is

L(r) = exp [— 1 (r _ rm>zl (36)

2\ o,

with o, = 1.0 being the standard deviation of the measurement error. The corresponding limit
state function describing this measurement event Z is obtained by inserting this likelihood
function into Eq. (16) or (18). The constant c is chosen as 1, corresponding to 1/ sup L(r).

We investigate two cases r;,, = 8 and n,,, = 12. The resulting limit state functions in U-space
are shown in Figure 7. The limit state function for failure G is a function only of U, and U,
(shown in the upper part of Figure 7), whereas the limit state function describing the observation
H is a function of U,. and U, (shown in the lower part of Figure 7). The joint design point u* is
indicated, which is used for the linearization of the limit state functions in the FORM analysis.
In case of r, =12, where the measured value is equal to the prior mean, Pr(Z) is
overestimated by FORM if is linearized solely at its joint design point. This can be avoided by
adding a second linearization, as illustrated in Figure 7. However, such a situation will only
arise when the probability of the observation is large. Hence in most applications, these
probabilities could be calculated with simple MCS.

The results for the two cases are summarized in Table 1. The FORM results are presented
together with those from line sampling (LS), subset simulation (SuS), MCS, and the exact
solution. For each method, the number of forward model evaluations is provided, to indicate
the required computational efforts. We point out that no deep efforts were made to optimize the
individual SRM for this application. This applies in particular for FORM, where a standard
optimization algorithm was used, and for line sampling, where an improved line search

algorithm may potentially lead to a reduced computational effort.

For this trivial problem, it is not surprising that FORM performs well and clearly outperforms
the other methods. When comparing the performance of the sampling methods, one has to
contrast their accuracy with the number of model calls. The number of samples (and thus the
number of model evaluations) can always be reduced at the cost of lower accuracy.
Nevertheless, it can be said here that LS, which is based on FORM, is the most exact sampling
method among the ones investigated. SuS has a larger variability, and this would still hold if
the same number of model evaluations as in IS were carried out. MCS is clearly not ideal, in
particular for r,,, = 8 with a small posterior Pr(F|Z), because its performance depends directly
on the magnitude of Pr(F n Z).
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Figure 7. Limit state surfaces of example 1 in standard normal space G(u) = 0 and H(u) = 0,
together with the linear FORM approximations G'(u) = 0 and H'(u) = 0. Above: failure limit state
surface in the Ur — Us plane; below: observation limit state surface in the Uy — U, plane. The
linearization points are shown as green dots. In case (a), the measurement is away from the prior
mean, and a linear approximation at the joint design point is sufficient. In case (b), the measurement
is equal to the prior mean, and two linearization points (at the two local minima) give better accuracy.
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Table 1. Results of the Bayesian updating. MCS is performed with 107 samples, results are shown as
95% confidence interval. SuS is performed with 1000 samples at each subset level. LS is performed

with 1000 line searches. Results in square brackets represent the 95% credible interval. The number
of model runs are provided for the computation of the denominator Pr(Z) plus the computation of the

numerator Pr(F n Z).

Case Method Pr(F) Pr(2) Pr(Fn2Z) Pr(F|Z) # model runs [107]
1, =8 FORM 1.68e-5 8.14e-2 1.06e-5 1.30e-4 0.02+0.07 = 0.09
sus [0.7-3.1]e-5  [6.9-10]e-2 [0.28-2.61]e-5 [0.34-3.11]e-4 2.1+4.2=63
LS [1.61-1.62]e-5 [8.24-8.28]e-2 [0.87-0.98]e-5 [1.06-1.18]e-4  7.6+22.7 =30.3
MCS [1.34-1.84]e-5 [8.24-8.28]e-2 [0.84-1.24]e-5 [1.02-1.50]e-4 10*
Exact 1.62e-5 8.26e-2 9.3e-6 1.13e-4 -
1, =12 FORM 1.68e-5 0.73 1.4e-6 1.9e-6 0.03+0.06 = 0.09
FORM (sys.) 1.68e-5 0.46 1.4e-6 3.0e-6 0.06+0.06 = 0.12
Sus [0.7-3.1]e-5  [0.42-0.48] [0.3-45]e-6  [0.7-10]e-6 15+55=7.0
LS [1.61-1.62]e-5 [0.50-0.53] [1.28-1.52]e-6 [2.6-2.9]e-6  9.8+19.2 =29.0
MCS [1.3-1.8]e-5  0.45 [0.97-2.63]e-6 [2.2-5.8]e-6 10
Exact 1.62e-5 0.45 1.4e-6 3.2e-6 -

4.2 Illustrative example in higher dimensions

To investigate the performance of the algorithms for problems with larger number of input
random variables, the first example is extended by formulating the capacity R as a product of

R;’s (e.g. component capacities). The limit state function for failure thus reads:

nR
g =] [r-s
i=1

The R;’s are modelled as lognormal iid random variables, and the distribution parameters of R;

37)

are chosen such that this reliability problem reduces to the one of the first example. We consider
two types of measurements.

Firstly, a measurement of the product R = [;'®, R; is considered, with the likelihood function
of Eq. (36) and r,,, = 8. This is exactly the same problem as in example 1, hence the
dimensionality of the problem could be reduced without any approximation. The MCS and the
Sus solutions are not affected by the increased dimensionality, and the results of example 1 still

Rare event BUS 24/37



hold. The interest here is in investigating how the FORM solution is influenced by the (artificial)
increase of dimensions, by setting ng; = 100. The obtained FORM results are identical to the
ones of Example 1, which demonstrates that the method can still work in higher dimensions for
problems that could be reduced to lower-dimensional problems. Note that the performance of
many existing algorithms for Bayesian analysis are influenced by such an artificial increase of
dimensions; e.g. (Betz et al. 2016) show that the performance of the transitional MCMC
(TMCMC) proposed in (Ching and Chen 2007) deteriorates strongly under such an artificial
increase in dimensions.

Secondly, to investigate a real increase in dimensions, individual measurements of the R;’s are
considered. The corresponding likelihood function is

1 - Inr; —Inry,; 2
L(r) = exp _Ez (0—) (38)
i=1 €

wherein o, = 0.05 and 7,,,; = 8'/"% . This likelihood function describes multiplicative
lognormal measurement errors. This choice is made because it leads to an analytical solution
for the posterior distribution of the R;’s, which facilitates calculating a reference solution.

The analysis is performed for n, = 10 and ng = 100. The results are summarized in Table 2.
The FORM results of both the numerator Pr(F N Z) and the denominator Pr(Z) are off by
multiple orders of magnitude. However, the relative error made is approximately the same for
both terms, so that the conditional probability is estimated rather accurately. The reason for this
is that the shape of H(u) = 0 is similar around the two points utilized for linearizing H(u) in
the computations of Pr(F n Z) and Pr(Z), and G (u) is only weakly non-linear. This behavior
can be found in quite many problems, however, it is typically difficult to know whether or not
it holds in a particular case. Therefore, a line sampling analysis should ideally be added to the
FORM.

Line sampling provides accurate results for n = 10, but less so for ny = 100, if the constant
¢ = 1 is used. However, the LS results strongly improve if c = 1072 is used, as evident from
Table 2. With this modified value of ¢, a very good accuracy is achieved for all investigated
ng. This is explained with the change of the shape of the limit state surface as c is descreased.
The accuracy remains good for any other investigated value of ¢ < 1071, It is noted that the
FORM results also changes with ¢, but this change is only minor, in the order of 10% of the

final result.
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Finally, the performance of MCS and SuS is not affected by the increase of dimensions. Overall,
FORM in combination with line sampling seems to be a good choice for this problem, but SuS
leads to a comparable trade-off between accuracy and number of model evaluations, with the
advantage of being more robust (unlike for LS, the optimal value of c is known).

Table 2. Results of the Bayesian updating. MCS is performed with 107 samples. SuS is performed with
1000 samples at each subset level. LS with 1000 line searches. Results in square brackets represent
the 95% credible interval. The number of model runs are provided for the computation of the
denominator Pr(Z) plus the computation of the numerator Pr(F n Z).

Case Method Pr(F) Pr(Z) Pr(FNnZ) Pr(F|Z) # model runs [10°]
ng =10 FORM 1.68e-5 0.15 1.22e-5 8.0e-5 0.06+0.11 =0.17
Sus [0.7-3.1]e-5  [4.3-75]e-3  [0.3-21]e-7  [2.1-35]e5  3.2+45=7.7

LS(c=1) [161-1.62]e-5 [4.7-6.7]e-3  [1.9-6.4]e-7 [3.1-12]e-5  14+18=32

LS (c = 1072) [1.61-1.62]e-5 [5.0-6.4]e-5  [2.9-5.1]e-9 [5.0-9.2]e-5 6.3+13.9=20.2

MCS [1.4-1.9]e-5 [5.7-5.8]e-3 [0-6.7]e-7 [0-11.5]e-5  10%
Exact 1.62e-5 6.8e-5

ng =100 FORM 1.68e-5 0.71 1.65e-5 2.33e-5 0.5+19=24
Sus [0.7-3.1]e-5 [3.2-5.5]e-3 [0.07-5.1]e-7 [0.2-12]e-5  3.4+5.0=8.4

LS(c=1) [161-1.62]e5 [3.1-55]e-3  [0-1.1]e-6  [0-25]e-5 7.0+10.0= 17.0
LS (c = 1072) [1.61-1.62]e-5 [4.0-44]e-5  [0.7-1.1]e-9 [1.6-2.6]e-5 5.0+13.8=18.8
MCS [14-19]e-5  [4.2-43]e-3  [0.025-3.7]e-7 [0.06-8.6]e-5 10°

Exact 1.62e-5 2.1e-5

4.3 Diffusion problem

We consider a 1D steady state diffusion problem. It is described by the following diffusion
equation on the unit interval D = [0,1]:

d/ .d
(e %)+ b0 =0 (39)

with random diffusivity a(x).

Rare event BUS 26/37



We distinguish two situations: (a) is related to the measurements, and (b) is related to the
potential rare event of interest. In situation (a), the diffusivity a(x) is inferred from
measurements of the field u(x) at a specified number of locations, performed during a
controlled experiment. This inverse problem could be considered a prototype of the estimation
of the hydraulic conductivity of an aquifer from pumping tests. The source term that models
the applied pumping rate is given as:

L

- s U — %)?
b(x) = Z et (— T) (40)

The above involves N localized sources (pumped wells), each centered at location [;, with
strength s; and width ¢;. The boundary conditions are set to zero (u(0) = u(1) = 0) at both
boundaries. This prototype inverse problem is the steady state version of the inverse problem
investigated in (Marzouk and Najm 2009). We consider three sources at locations [; = 0.25,
I, = 0.5 and [; = 0.75 with identical strengths s; = 10 and widths 6? = 10~3. The sensors
that measure the field u are uniformly spaced on D, excluding the endpoints. We use m = 11
Sensors.

In situation (b), the domain D is subjected to a flow from left to right. That is, the source term
is zero (b(x) = 0) and the boundary conditions are set to inflow at the left boundary (u(0) =
1) and outflow at the right boundary (u(1) = 0). The flow rate is evaluated through

1) = —a() 3 @)

The diffusion equation is solved with linear finite elements on a uniform grid with spacing h =
1/48. The event of interest is defined as the flow rate at the right boundary q(1) exceeding a
prescribed threshold g, = 1.3. The corresponding limit state function is g(a) = q; — q(1).

We model the prior of the log-diffusivity In a(x) with a Gaussian random field with mean
Wing = 0.1 , standard deviation o,, = 0.2 and autocorrelation coefficient function
Pina(Ax) = exp(—Ax/A) with A = 0.3. To represent the random field In a(x), we apply its
Karhunen-Loéve expansion (Ghanem and Spanos 1991) which takes the following form

n
InaG) = tina + Ona ) VXU, “2)
i=1

where {6;, x;} are the eigenpairs of p,,,, which are know analytically for the applied
exponential correlation model (Ghanem and Spanos 1991), and U;,i = 1, ..., n, are independent
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standard normal random variables. The expansion is truncated after 10 terms, i.e. n = 10. We
employ this discrete representation of the log-diffusivity and hence learn the random variables
U;,i = 1,...,n, insituation (a). The same random variables are used to define the failure event

in situation (b).

To construct the measurements in (a), we employ a target profile that is randomly sampled from
the prior distribution of In a(x), through drawing a sample from the prior distribution of the
U;’s. Using the generated target profile, we solve the forward model to evaluate the values of
u at the sensor locations and apply an additive Gaussian noise with standard deviation o, = 0.1
to simulate measured values u,, ;. The corresponding likelihood function reads:

m 2
L(a) = exp [_1 <—”i(“) _ ”m'i> ] (43)

2 o
i=1 €

where the u; (a) denote the solution of the diffusion equation for a realization of the diffusivity
a at the sensor locations. The limit state function that describes the measurement event, denoted
Z, is obtained by substituting the likelihood function in Eg. (16). It is noted that the random
variables in the Karhunen—Loéve expansion are already standard normal; therefore there is no
need for a transformation of the random variable space. The constant c is selected such that it
holds ¢ < [sup L(a)]~* with a probability 0.05 (see Annex A in Straub and Papaioannou 2015).
When using BUS with SuS to estimate Pr(Z), samples of the posterior distribution are obtained
as a by-product of the reliability evaluation. The posterior statistics of the log-diffusivity are
summarized in Figure 8. Therein, the posterior median and 95% credible interval obtained from
the posterior samples are depicted. It is shown that the Bayesian inversion identifies accurately

true profile of the log-diffusivity.

1

true profile
0.8- —— posterior median i
- — —posterior 95% credible interval

o o
EN )

Log-diffusivity Ina
o
N

Figure 8. Posterior median and 95% credible interval of the log-diffusivity profile computed with BUS
and SuS with 1000 samples per level.
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The results of the reliability analysis in situation (b) are shown in Table 3. Comparing the
credible bounds of the LS and SusS, it is shown that LS exhibits much smaller bounds than SuS.
The bounds of SuS for the posterior probability are notably large. This is because the shape of
the observation domain becomes narrow when a large number of measurements is included,
which influences the performance of the MCMC algorithm within SuS. In particular, the shape
of the observation region favors clustering of the MCMC samples around the seeds of the chains
at advanced subset levels. LS performs significantly better, although the variability of the
simulation outcomes for Pr(F n Z) is still considerably high, which is attributed to the small
size of the intersection of the observation and failure domains. The mean estimate of LS for
Pr(F) is 6.7e-2, for Pr(Z) 3.65e-6, for Pr(F nZ) 4.35e-9 and for Pr(F|Z) 1.24e-3.
Comparing these values with the FORM results, we see that although the FORM estimates for
Pr(Z) and Pr(F) differ considerably, the difference is much smaller for Pr(F|Z). This is
because the relative errors for Pr(Z) and Pr(F n Z) are approximately the same, and hence
cancel out in the estimation of Pr(F|Z). The FORM estimate of the prior probability Pr(F) is
slightly larger compared to the mean LS estimate which indicates that the failure surface is
nonlinear around the design point and suggests a convex shape of the failure region.

Table 3. Results of the Bayesian updating. SusS is performed with 1000 samples at each subset level.
LS is performed with 1000 line searches. Results in square brackets represent the 95% credible
interval from repeated simulation runs. The number of model runs are provided for the computation of
the denominator Pr(Z) plus the computation of the numerator Pr(F n Z).

Method Pr(F) Pr(2) Pr(F nZ) Pr(F|Z) # model runs [103]
FORM 8.01e-2 2.9e-4 1.6e-7 5.6e-4 0.15+0.17=0.32
Sus [5.4-85]e-2  [0.3-17.0]e-6  [0.0011-26.0]e-9 [0.0069-58.2]e-4  5.6+4=9.6

LS [6.64-6.75]e-2 [2.2-5.5]e-6  [1.4-9.3]e-9  [4.0-26.5]e-4 9.4+10=19.4

4.4 Foundation stability

As final example, we consider a problem from geotechnical engineering, related to the stability
of a foundation. The foundation has a width of 1.5m; after construction it is loaded eccentrically
with load P, where the lever arm is 0.5m and P follows a Gumbel distribution with mean 1MN
and 10% coefficient of variation. At an intermediate construction stage a centric load F of
0.4MN is applied; the displacements at the left and right ending of the foundation are measured

as X; = 1cm and x,, = 1.5cm , see Figure 9.
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The additive measurement/modelling error is assumed to follow a normal distribution with zero
mean and a standard deviation of o, = 0.5cm ; the two errors are correlated with a correlation
coefficient of p = 0.9 (thus, it is implicitly assumed that modelling errors are dominating
compared to measurement errors).

Serviceability of the foundation is ensured if the inclination of the foundation under the final
loading P is smaller than 4 degrees; i.e. the failure event corresponds to this angle being
exceeded: g(x) = 4° — a(x).

(a) measurements:

4%
m=10mm == —— =+ m,=15mm

0.75m 0.75m

AT STE,

(b) final loading:

1.25m  0.25m

Figure 9. Loading of the foundation (a) during the measurements and (b) in the final state.

The soil is modelled as linear elastic, with a Young’s modulus E that is a spatial random field
and a fixed Poisson ratio of 0.35. E is modeled as Log-Normal random field with a mean of
40MPa and a coefficient of variation of 50%. The correlation coefficient function between
points x and x’ of the underlying Gaussian random field is py,, = exp(— Ax/l, — Ay/ly),
where Ax, Ay is the horizontal distance between points x and x’, respectively, and [, = 20m,
L, = 5m are the correlation lengths in horizontal and vertical directions. The depth of the soil
layer is 8m, followed by a sandstone layer whose influence on the analysis is negligible. On
each side of the foundation, a soil-stripe of 15m is modeled explicitly. The mechanical model
as well as the random field model is discretized and solved by means of higher-order finite
elements (Szabd et al. 2004). The finite element mesh is depicted in Figure 10. A finite-element
discretization of the Karhunen-Loeve expansion with 100 terms is used to represent the random
field (Betz et al. 2014b). The order of the shape functions of the mechanical model is 4, the

order of the shape functions used to represent the random field is 8.

The results of the analysis are listed in Table 4. The FORM results match well with the results
of the other investigated methods. To enable a direct comparison of LS with SuS, the former is
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run additionally with 160 line samples, which results in approximately the same number of
model evaluations as required for SuS. This comparison show that the performance of LS is
superior to SusS in this example.

8m

~

y 15m V1'5m1/ 15m v
7 7 Ul

Figure 10. Finite element mesh used to discretize the soil: the order of the shape functions of the
mechanical model is 4, the order of the shape functions used to represent the random field is 8.

Table 4. Results of the Bayesian updating. MCS is performed once with approximately 10° samples,
results are shown as 95% credible interval. SusS is repeatedly performed with 1000 samples at each
subset level, results are shown as 95% credible interval. LS is performed repeatedly with either 1000
or 160 line searches each run. The number of model runs are provided for the computation of the
denominator Pr(Z) plus the computation of the numerator Pr(F n Z).

Method Pr(F) Pr(2) Pr(F nZ) Pr(F|Z) # model runs [103]
FORM 1.4e-2 9.9e-2 2.8e-5 2.8e-4 15+1.1=26

sus [1.2-2.1]e-2  [5.4-8.1]e-2  [0.6-5.5]e-5  [0.9-85]e-4  2.2+3.7=59

LS (1000) [155-1.58]e-2 [6.4-6.8]e-2  [L.7-2.4]e-5  [2.7-35]e-4  7.1+30.1=37.2
LS (160) [154-1.60]e-2 [6.1-7.1]e-2  [1.4-3.0]e-5 [2.2-4.4]e-4  0.9+4.8=57
MCS [15-1.6]e-2  [6.5-6.6]e-2  [L1-2.7]e5  [L7-4.1]e4 1000

5 Concluding remarks

The BUS approach presented in this paper establishes an analogy between Bayesian analysis
and rare event probability estimation. Thereby, the likelihood function describing the data is

transformed into an equivalent (rare) event Z. In doing so, the BUS approach enables methods
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developed for estimating rare event probabilities to be applied to Bayesian analysis, with some
modifications. As we show in this paper, this is effective when performing Bayesian updating
of rare event probabilities. Such applications are of (growing) relevance in the assessment of
technological and anthropogenic systems, where monitoring strategies are increasingly used to
ensure sufficient reliability, but is relevant also in many other fields of engineering and science.
As we show, the equivalent observation event Z of the BUS approach has some similarities to
the rejection criterion used in ABC. However, unlike the latter, BUS does not require to solve
an approximate problem.

The computational efficiency of the BUS framework is a function of the structural reliability
methods (SRM) used to compute the rare event probabilities Pr(Z) and Pr(F n Z). In this
paper we have demonstrated and investigated three SRM: FORM, line sampling (LS) and subset
simulation (SuS). Their efficiency, as expressed by the number of model evaluations and the
95% credible interval of the resulting posterior failure probability, has been assessed through a
set of numerical examples. However, it is not the goal of this paper to make ultimate statements
about the efficiency of the individual SRM. The methods used here can potentially be further
optimized to give the same accuracy with fewer model evaluations (in particular LS).
Nevertheless, the efficiencies reported are in the same order of magnitude as could be achieved
with optimized algorithms and thus do allow one to draw some conclusions.

The performance of the three investigated SRM vary among the investigated examples.
Surprisingly, the FORM result for the posterior failure probability Pr(F|Z) is fairly accurate in
all investigated cases, because the relative errors made in the approximations of Pr(Z) and
Pr(F n Z) are similar. While the latter terms individually are overestimated by a factor of up
to 100, the relative error in estimating Pr(F|Z) is in the order of 0.1 to 0.2 for most examples,
and in the order of 1 in the worst case (the diffusion example). However, it is clear that one
should not rely on FORM results alone without having a good understanding of the shape of
the linearized domains, which is difficult to achieve in higher dimensions. For this reason,
FORM results should be verified with an alternative method. LS based on the FORM design
point is an option in these cases. In the numerical investigations presented here (and in others
not presented), LS has consistently given accurate results, as long as the value of the constant
¢, necessary for defining the observation event Z, is chosen sufficiently small. However, LS
will not perform as good if the FORM algorithm does not find the correct design point.

The optimization problem of finding the FORM design point cannot always be solved, in
particular when the number of random variables is large. In these cases, BUS can only be

implemented with SRM that do not rely on the design point. In this paper, we have considered
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SuS as an effective method of this class. In some of the numerical applications, its efficiency
was comparable to LS, in some it was lower. Nevertheless, its accuracy is acceptable for many
applications, and it can be improved simply by increasing the number of samples.

The strength of the BUS approach is that it leaves open the possibility for applying many of the
other SRM. In particular, alternative importance sampling techniques available for analyzing
rare events may outperform the methods presented here in certain applications. It is left to future
research to investigate these. However, in many instances, the choice of a particular method is
as much guided by the preferences of the analyst than by some objective efficiency criteria. We
believe that one should be pragmatic in this regard and use “whatever works”, as long as the

necessary accuracy can be achieved.

We have not included a direct comparison of BUS with existing methods for Bayesian analysis
of rare events, which are based on first approximating the posterior PDF and then solving the
reliability problem. Our results indicate that BUS can be more efficient, but to provide a fair
comparison is difficult. On the one hand, the efficiency of the BUS approach is a function of
the SRM method used, and the optimal SRM is problem-dependent and only a subset of them
has been considered here. On the other hand, the efficiency of alternative methods depend
strongly on their specific implementation.

In our view, the main advantage of BUS over existing methods is the flexibility it provides by
drawing upon a large set of SRM, which can be selected problem specific. In contrast to existing
approaches, the BUS approach allows to work entirely in standard normal space, which enables
or simplifies the use of many SRM, including SuS. In this context it is interesting to note that
also TMCMC, which is used to generate samples from the posterior PDF in the alternative
approach presented by (Jensen et al. 2013, Hadjidoukas et al. 2015), can potentially be
improved by working in standard normal space, as we show in (Betz et al. 2016).

The application examples investigated in this paper are simplified yet representative of real
applications, which demonstrate that the method as-is can be used for actual problems in
practice. In problems where FORM and related methods are suitable for computing the
unconditional Pr(F), the BUS method in conjunction with the presented SRM will likely be
suitable for computing the conditional Pr(F|Z). As discussed in (Rackwitz 2001), the
performance of FORM is surprisingly good for many non-linear problems in lower dimensions,
and line sampling can correct errors in higher dimensions. However, it is clear that for highly
non-linear system behavior, the methods as implemented in this paper may not perform well,

and one should carefully analyze the results in these cases.
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Finally, when model input uncertainties are described by non-informative prior distributions,
the BUS approach is not effective. However, in most real physical systems, one does have prior
information on the input parameters. If one does not, it is still possible to use some of the data
to determine a prior distribution through an alternative method, and then include the rest of the
data through BUS. In analogy to the use of non-informative priors, the BUS approach will have
difficulties when the likelihood function is highly peaked relative to the prior distribution. When
this leads to a posterior distribution that lies on a lower-dimensional manifold, the SRM
described in this paper to be used within BUS will not be effective or might fail entirely. It
remains to be investigated if other methods can be used within the BUS approach in such cases.

In conclusion, the BUS approach enables the use of existing methods for rare event probability
estimation for Bayesian analysis. As we demonstrate through numerical examples, the approach
works well for a variety of practically relevant situations. Nevertheless, there is significant
potential for further developing and enhancing methods for estimating the rare event
probabilities within BUS.
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